Integration By Substitution

Let f and g be functions that satisfy the conditions of the Chain Rule for the composite function
y =f (g (x)). If F is an antiderivative of f, then

[ 1(900)g'(x)dx = F(g(x) +¢
Letu=g (). Then du=g'(x)dx and [ f(g(x))g'(x)cx = [ f (u)du.
Examples:

1. j— 2xe ™ dx = ? Notice, this integral has the form I f'(x)e' ®dx

Let u =-x°. Thendu =-2x dx and

'[- 2xe™

Ie’xz (— 2xdx) Rewrite

_[e”du Substitute

e’ +¢c Integrate

e +c Substitutebackin for"u"

2. I— xe X dx =?

d
Letu =-x°. Then du=-2x dx, get (-x dx) by itself so ?u =—xdx, and
[— xe ™ dx

je‘xz (—xdx) Rewrite

J'e“ o Substitute

% I e'du Pull the constatnt to the front
1,

Ee +C Integrate

1 —XZ - H n n
—e™ +c Substitute back in for "u



3. j'cos2 x(sinx)dx = ?

Let u =cos x. Then du = -sin x dx, so -du =sin x dx, and

J'cosz x(sin x )dx Rewrite
.[uz (- du) Substitute
- .[uzdu Bring negative to front
-%U"‘ +C Integrate
- %(cos x)’ +¢ Substitute back in for "u"
Leostxc

3

2x

4 J- e~*dx 9

Ve -1
Letu=¢€*-1. Thendu=¢e*dx and (u+1)=¢"

Since ¥ = " * e* = (¢")?, then (u+1)*=¢e*, and

J~ e dx
ve* -1
JM Rewrite
ve' -1
e*du :
Substitute
1%
Thereisan"x" left so we solve fore* usinge* -1=u=¢e" =(u+1)
J.M Substitute again
Ju
_[u‘l’2 (u+1)du Bring v/u up to the numerator
_[u“2 +u?du Distribute u™?
3/2
2“3 —2u"? +¢ Integrate
X _1\3/2
20097 2(e* -1 +c¢ Substitute back in for "u"

3



J'x«/2x +1dx="?
~ -2 212

:éx/ex —1(eX +2)+c
Letu = 2x +1, then du = 2dx, dx :d?u, and x :UT_l
Ix«/Zx +1dx
I xJu d?u Substitute
An"x"is left over soslove for"x"usingu = 2x +1; X = uTl
I [u_—lj\/a au Substitute again

2 2
1 1
" j (u—1)u2du Bring constant to the front
1.3 & E
—qu —u2du Distribute u 2
4

5 3

L gu2 —gu2 +C Integrate
4(5 3

5 3
%(%(ZX +1)2 —%(Zx +1)2j+ c Substitute back in for "u"

(2x +1)§ (2x +1)§
10 6

+cC Mulitply%through

dy 3
o 2yis™

sl o Ty
y?-2y+5 J(y?-2y+1)+4 (y-1) +4

Letu=y-1. Then du=dy, J' 4—[ 22,
2y u?+

we can now use the integration formula to complete the integration:



J
J

du 1
a?+u

du 1 u 1 y—-1
> = —arctan| — |+ ¢ = —arctan| —— |+¢C
2°+u° 2 2 2 2

2

u .
= —arctan(—j +c¢, where a isa constant.
a a

2

Otherwise, let u? = 4x%, then u = 2x and du = 2dx. Then,

J

y2—2y+5:

P LR
us+2 4x“+4 47 (x"+1) 2

1 u 1 y-1
=—arctan| — (+c =—arctan| —— |+¢C
2 2 2 2
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